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Abstract: This paper extends the study of the quantum dissipative effects of a cosmologi-
cal scalar field by taking into account the cosmic expansion and contraction. Cheung, Drewes,
Kang and Kim [1] calculated the effective action and quantum dissipative effects of a cosmo-
logical scalar field. The analytic expressions for the effective potential and damping coefficient
were presented using a simple scalar model with quartic interaction. Their work was done using
Minkowski-space propagators in loop diagrams. In this work we incorporate the Hubble expan-
sion and contraction of the comic background, and focus on the thermal dynamics of a scalar
field in a regime where the effective potential changes slowly. We let the Hubble parameter,
H, attain a small but non-zero value and carry out calculations to first order in H. If we set
H = 0 all results match those [1] in flat spacetime. Interestingly we have to integrate over
the resonances, which in turn leads to an amplification of the effects of a non-zero H. This is
an intriguing phenomenon which cannot be uncovered in flat spacetime. The implications on
particle creations in the early universe will be studied in a forthcoming work.
Keywords: Quantum Dissipative Effects, Thermal Field Theory, Scalar Field Dynamics, Cos-
mological Expansion
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1 Introduction
It is widely believed that our universe starts with a hot big bang, which is considered as the
beginning of the radiation dominated era in the cosmic history. Many properties of the cosmos
that we observe today can be understood as the results of quantum processes, which would be
typically out of equilibrium, in the hot and dense plasma [2, 3] that filled the universe after
the big bang. Prior to the radiation dominated era, there was a period of accelerated cosmic
expansion known as inflation [4–6]. At the end of inflation the universe is cold and empty; all
energy is stored in the zero mode of the inflaton field. One mechanism for setting up the “hot
big bang” initial conditions of a radiation dominated universe is “reheating” [7–9], in which
the universe is “reheated” from a complete vacuum by the energy transfer from the inflaton to
other degrees of freedom, e.g. dark matter particles and elementary particles that made up the
Standard Model of Particle Physics. The study of the quantum dissipative effects in the early
universe, therefore, has profound implications on the studies of matter production and thus on
the thermal history of our universe.
The thermal history of the early universe is an important theoretical basis to determine the
abundance of thermal relics. It thus plays an important role in distinguishing or excluding
cosmological models. Studies of the particle dynamics in the early universe uncover crucial
details within and beyond the Standard Model. We are interested in the thermal production
of particles from plasma [10, 11], dissipation effects of fields in medium [12, 13], cosmological
freeze-out processes [14, 15] and their imprints on early universe physics.
As we have mentioned above, matter production is via the relaxation of inflaton into scalar, gauge
and fermionic quantum fields in a large thermal bath [10, 16–18]. Inflaton, in the standard model
of cosmology, is a scalar and responsible for an epoch of exponential expansion to produce a
flat, homogeneous and isotropic universe free of topologically stable relics like monopoles and
cosmic strings. Therefore, scalar fields, despite being the simplest, play important roles within or
beyond the Standard Models of Particle Physics and Modern Cosmology. The existence of scalar
fields in the Standard Model of Particle physics has been firmly established by high precision
experiments conducted at the Large Hadron Collider in 2012, where the Higgs boson [19, 20]
plays a pivotal role of giving mass to elementary particles in the standard model. In addition,
scalar fields can be candidates for dark energy [21–23] or dark matter [24–26]. Scalar fields also
play important roles in the bounce universe which is an alternative way to address how our
current universe comes about. In this model a contraction phase exists prior to the “birth” of
our presently observed universe, see [27, 28] for recent reviews. Our study focuses on the scalar
field dynamics in hot medium: it thus founds the basis to follow up on the particle productions
in these bounce models [29–35], where the Hubble parameter can be set to positive or negative
values, and the bounce process is driven by two or more scalar fields.
This paper builds on an earlier study of the finite-temperature effects in a thermal bath, carried
out by Y. K. E. Cheung, M. Drewes, J. U Kang and J. C. Kim [1], to further establish the
rigorous theoretical framework to precisely study the evolution and interactions of elementary
fields in the inflationary cosmology background or in a bounce universe. In [1], the authors
have made progress towards a quantitative understanding of the non-equilibrium dynamics of
scalar fields in the non-trivial background of the early universe with a high temperature, large
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energy density and a rapid cosmic expansion. They calculated the effective action and quantum
dissipative effects of a cosmological scalar field in this background. The analytic expressions for
the effective potential and damping coefficient are presented using a simple scalar model with
quartic interaction. In this paper, we extend their efforts on building this theoretical framework
by incorporating a non-zero Hubble parameter in the analysis and obtain temperature dependent
expression of the damping coefficient to first order in H. In this way one can properly address
the questions of how the hot primordial plasma may have been created after inflation [36] and
whether there are observable features of the reheating process [37, 38].
Our study of the non-equilibrium process in an early universe starts from the action of scalar
fields φ and χ. The non-equilibrium process is non-Markovian. That is, the evolution of the fields
in late times depends on all the previous states, and the non-Markovian effects are contained in
a “memory integral” in the Kadanoff-Baym equations. We shall use the closed-time-path (CTP)
formalism [39, 40], the so-called “in-in formalism.” The “in-in formalism” is made to deal with
such finite temperature problems in out-of-thermal-equilibrium processes. The non-equilibrium
nature renders the usual “in-out formalism” ineffective.
Unlike the usual zero-temperature quantum field theory, this paper considers both the thermal
corrections and quantum corrections. To be more specific, we first derive the equation of motion,
up to the first order in H, from the effective action of φ. The effective potential and the
dissipation coefficient (characterising the dissipation of the energy from φ to the plasma) rely on
the self-energy and the corrections to the quartic coupling constant. The calculations of these
quantities using Feynman diagrams make up the major part of work reported in this article.
If we set H to 0, our results match up with those obtained, in [1], using a Minkowski-space
propagator in loops. In addition we observe non-trivial features that are not revealed in flat
spacetime.
Exposing scalar fields to a high temperature and a rapid cosmic expansion is an important
setup for understanding the non-equilibrium dynamics of scalar fields in cosmology. Under the
condition of cosmic expansion at high temperature, the matter production process is out of
equilibrium. If there is an effective potential that is not steep, the matter fields take a long
time to reach equilibrium. Our focus is the back reaction [41, 42] on the primary particles from
their decay products. Based on the previous work done using Minkowski-space propagators in
loop diagrams, we further their studies of scalar field dynamics in the early universe evolution
by incorporating the effect of cosmic expansion. There are infinitely many back reactions, and
thus it is important to generalise the leading-order re-summation results to higher orders.
Although elementary particles in our universe consist of fermions and gauge bosons, we still
expect our toy model with two scalar fields to serve as a good playground for studying the
early universe physics. The earliest decay process involves only scalars, because the creation of
fermions can be assumed to happen in the subsequent decay chain or inelastic scatterings as the
transition to bosonic states is usually Bose-enhanced [9]. When the background temperature
is higher than the oscillation frequency, the dissipation rate arising from the interactions with
fermions is suppressed due to Pauli blocking, whereas it is enhanced for interactions with bosons
due to the induced effect. In a future work, we will consider the direct coupling of scalars to
fermions and gauge bosons.
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This paper is organised as follows: In section 2, we explain our working assumptions. We sketch
the prerequisites for field theory calculations at finite temperature to establish notations, which
is followed by the derivation of the EoM in section 3. We demonstrate the calculations of self-
energy and obtain the correction to the quartic coupling constant in section 4. Section 5 briefly
summarises the main results obtained in this paper and concludes with a short discussion.
The detailed calculations of the Feynman diagrams and the relevant formulae needed in the
calculations are contained in the appendices.
2 Assumptions and Prerequisites
We study a scalar field, denoted by φ, in a de Sitter space with the Hubble parameter, H, taken
to be nonzero. The scalar field, φ, interacts with another scalar field, χ, which plays the role of
the cosmic background in our model. The mass of the thermal bath, χ, is assumed to be less
than half the mass of φ. φ can be decomposed into its thermal average, ϕ, and fluctuations,
denoted by η: φ = ϕ+η. The fields, η and χ, are assumed to be in thermal equilibrium initially.
We assume the reaction between ϕ and other degrees of freedom is weak enough to allow for
the application of perturbation theory and the neglecting of back reaction of ϕ on the η and
χ fields. In this way η and χ can assume thermal equilibrium in the evolution of ϕ. In order
that we can expand the equation of motion to first order in H and simplify the calculations,
we further assume H < mφ,mχ  T (mφ and mχ are the masses of the φ field and the χ field,
respectively) and T is inversely proportional to the scale factor as the universe expands. There
exists a prolonged period of time in our universe when these conditions are satisfied.
We use the closed-time-path formalism to perform the calculations. The time ordering and
integration path C in the complex time plane starts from ti on the real axis and runs to real tf ,
then back to ti and ends at ti − iβ, as depicted in Fig. 1. We take ti → −∞ and tf → ∞ and
Figure 1. The path of integration in the complex-time plane
denote the upper section of C which runs forward in time by C1 and the lower section which
runs backward in time by C2. And a general scalar field ξ(x) that lies on C1/C2 is labelled as,
respectively, ξ1(x)/ξ2(x) .
In order to obtain the dynamical information of such a scalar field ξ, we need to know the
– 4 –
two-point correlation functions which are defined as follows,
∆ab(x, y) = 〈TCξa(x)ξb(y)〉 (a, b = 1, 2),
∆>(x, y) = 〈ξ(x)ξ(y)〉, ∆<(x, y) = 〈ξ(y)ξ(x)〉,
∆−(x, y) = i [∆>(x, y)−∆<(x, y)] , ∆+(x, y) = 12 [∆>(x, y) + ∆<(x, y)] ,
where TC indicates the time ordering along the path C in Fig. 1. For a real scalar field ξ, we
see that ∆>(x, y) = (∆<(x, y))∗ and that
∆11(x, y) = θ(x
0 − y0)∆>(x, y) + θ(y0 − x0)∆<(x, y),
∆22(x, y) = θ(x
0 − y0)∆<(x, y) + θ(y0 − x0)∆>(x, y),
∆12(x, y) = ∆
<(x, y),
∆21(x, y) = ∆
>(x, y).
(2.1)
The 1-loop propagators of a scalar field ξ with effective mass Mξ in a de-Sitter space,
gµν = diag(1,−a(t)2,−a(t)2,−a(t)2), (2.2)
where a(t) = eHt, were obtained by solving the Kadanoff-Baym equations [43]. The result
in [43] is expressed in terms of conformal time, with a time dependent mass m(t). To obtain
the corresponding result in terms of the cosmic time, we first carry out the usual replacement:
t→ − 1
Ha(t)
. (2.3)
The next two replacements can be inferred by comparing the free spectral function in de Sitter
spacetime (the detailed calculation of which is presented in Appendix A) with the corresponding
flat-spacetime propagator [43]:
ξ(x)→ ξ(x)/a(t), m(t)2 → (M2ξ − 2H2) a(t)2 . (2.4)
We thus start our calculations with the following propagators in de Sitter spacetime:
∆−(p, t1, t2) =
sin
(∫ t1
t2
dt′Ωξ(t′)
)
exp
(
−1
2
∣∣∣∣∫ t1
t2
dt′Γξ(t′)
∣∣∣∣)
a(t1)3/2a(t2)3/2
√
Ωξ(t1)Ωξ(t2)
∆+(p, t1, t2) = [1 + 2f(tB)] ·
cos
(∫ t1
t2
dt′Ωξ(t′)
)
exp
(
−1
2
∣∣∣∣∫ t1
t2
dt′Γξ(t′)
∣∣∣∣)
2a(t1)3/2a(t2)3/2
√
Ωξ(t1)Ωξ(t2)
,
(2.5)
where Γξ is the decay rate of ξ, Ωξ is given by
Ωξ(t) =
√
p2/a(t)2 +M2ξ − 2H2 , (2.6)
with tB = min(t1, t2), and f(t) satisfies a Markovian equation [43].
If we assume that a scalar field ξ is in (approximate) thermal equilibrium as the universe expands,
and can be characterized by an effective temperature 1/β(t) which depends on time, then by
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imposing the KMS relations, the propagators become
∆−(p, t1, t2) =
sin
(∫ t1
t2
dt′Ωξ(t′)
)
exp
(
−1
2
∣∣∣∣∫ t1
t2
dt′Γξ(t′)
∣∣∣∣)
a(t1)3/2a(t2)3/2
√
Ωξ(t1)Ωξ(t2)
∆+(p, t1, t2) =
1
2a(t1)3/2a(t2)3/2
√
Ωξ(t1)Ωξ(t2)
exp
(
−1
2
∣∣∣∣∫ t1
t2
dt′Γξ(t′)
∣∣∣∣)
×
{
exp
(
−i
∫ t1
t2
dt′Ωξ(t′)
)[
1
2
+ f
(
Ωξ (tB) +
iΓξ (tB)
2
)]
+ exp
(
i
∫ t1
t2
dt′Ωξ(t′)
)[
1
2
+ f
(
Ωξ (tB)− iΓξ (tB)
2
)]}
,
(2.7)
where f becomes the Bose distribution function:
f(x) =
1
eβ(t)x − 1 . (2.8)
Here the inverse temperature β(t) is proportional to the scale factor by our assumptions: β(t) =
(β0/a0)a(t) with β0 being the inverse temperature when the scale factor is a0. For simplicity,
we will denote β0/a0 by γ in the following calculations. For more details about field theory at
finite temperature, the readers are referred to [43, 44].
3 Derivation of the EoM
As we have mentioned in Introduction, our system consists of a scalar field φ and the background
plasma collectively denoted by χ. We use the model to study the early universe dynamics: it
gives us clues on how the fields behave in an expanding or contracting universe. In particular we
wish to capture how their behaviour differs as one goes beyond using the Minkowski propagator
in computing the quantum and thermal corrections. A general renormalizable action for such a
system in a de-Sitter space, whose potential energy is bounded from below, is of the form:
S =−
∫
d4x
√−g
{
1
2
φ
[
1√−g∂µ
(√−ggµν∂ν)+m2φ]φ+ λ4!φ4
+
1
2
χ
[
1√−g∂µ
(√−ggµν∂ν)+m2χ]χ+ λ′4!χ4 + h4φ2χ2
}
.
(3.1)
The action is furthermore invariant under diffeomorphism and φ(x)→ −φ(x).
The effective action for ϕ (which can be used to obtain the equation of motion of ϕ) has the
same linear symmetries as the original action [45], it can be written in the form,
Γ = −1
2
∫
C
d4x1
√−gϕ(x1)
[
1√−g∂1µ
(√−ggµν∂1ν)+m2φ]ϕ(x1)
− 1
2
∫
C
√
−g(x1)
√
−g(x2)d4x1d4x2Π(x1, x2)ϕ(x1)ϕ(x2)
−
∫
C
√
−g(x1)
√
−g(x2)d4x1d4x2 1
4!
[
λ
δ4(x1 − x2)√−g(x1) + Π˜(x1, x2)
]
ϕ(x1)
2ϕ(x2)
2,
(3.2)
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up to the fourth power of ϕ. In doing so we have only considered terms up to 1-loop in the quartic
part, and the time integration is along the path C shown in Fig. 1. Π is the self-energy, and
Π˜ the correction to the quartic coupling constant, the computation of which will be presented
in the next section. Similar to the case of propagators, we will denote Π(x1, x2) as Πab(x1, x2)
when x01 lies on Ca and x
0
2 lies on Cb (a, b = 1 or 2). Different from the situation in flat spacetime,
here we do not have time translation symmetry: Π(x1, x2), Π˜(x1, x2) depend not only on t1− t2,
but on t1 + t2 as well.
From (eq. 3.2) we obtain the equation of motion for ϕ,
δΓ
δϕ(x1)
= e3Ht1
(
∂20 + 3H∂0 − e−2Ht1∇2 +m2φ
)
ϕ(x1) +
∫
C
dx2e
3H(t1+t2)Π(x1, x2)ϕ(x2)
+
λ
3!
ϕ(x1)
3e3Ht1 +
1
3!
ϕ(x1)
∫
C
dx2e
3H(t1+t2)Π˜(x1, x2)ϕ(x2)
2 = 0 .
(3.3)
We restrict ourselves to the case in which the only non-vanishing Fourier mode of ϕ(x) is
ϕ(q = 0), then in (spatial) momentum space, the EoM simplifies to
(
∂20 + 3H∂0 +m
2
φ
)
ϕ(t1) +
∫
C
dt2e
3Ht2Π(t1, t2)ϕ(t2)
+
λ
3!
ϕ(t1)
3 +
1
3!
ϕ(t1)
∫
C
dt2e
3Ht2Π˜(t1, t2)ϕ(t2)
2 = 0 .
(3.4)
This non-local equation is still hard to solve. To make progress the Hubble parameter H is
assumed to be small and the system is in pseudo-equilibrium during the process. This is a valid
hypothesis for the most of the physical applications we have in mind. We can hence simplify
the equation by expanding e3Ht2 ≈ 1 + 3Ht2 to first order in H; while the adiabatic assumption
is realised as, ϕ(t2) ≈ ϕ(t1) + ϕ˙(t1)(t2 − t1). Altogether,(
∂20 + 3H∂0 +m
2
φ
)
ϕ(t1) +
∫ ∞
−∞
dt2(1 + 3Ht2)Π
R(t1, t2) [ϕ(t1) + ϕ˙(t1)(t2 − t1)]
+
λ
3!
ϕ(t1)
3 +
1
3!
ϕ(t1)
∫ ∞
−∞
dt2(1 + 3Ht2)Π˜
R(t1, t2)
[
ϕ(t1)
2 + 2ϕ(t1)ϕ˙(t1)(t2 − t1)
]
= 0 .
(3.5)
Let ΠR(t1, t2) denote the retarded propagator:
ΠR(t1, t2) = Π11(t1, t2)−Π12(t1, t2), (3.6)
and likewise,
Π˜R(t1, t2) = Π˜11(t1, t2)− Π˜12(t1, t2); (3.7)
and the Fourier transformation of ΠR(t1, t2) and Π˜
R(t1, t2) (with respect to t = t1 − t2) be
denoted by κ(t1, ω) and κ˜(t1, ω):
κ(t1, ω) ≡
∫
dt ΠR(t1, t1 − t)eiωt,
κ˜(t1, ω) ≡
∫
dt Π˜R(t1, t1 − t)eiωt .
(3.8)
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t1 = t2
Figure 2. A Feynman diagram, the tadpole diagram, corresponding to the real part of ΠR.
The equation of motion then becomes,
ϕ¨(t1) +
{[
m2φ + (1 + 3Ht1)κ(t1, ω = 0)− 3H
(
−i ∂
∂ω
κ(t1,−ω)
∣∣∣∣
ω=0
)]
ϕ(t1)
+
1
6
[
λ+ (1 + 3Ht1)κ˜(t1, ω = 0)− 3H
(
−i ∂
∂ω
κ˜(t1,−ω)
∣∣∣∣
ω=0
)]
ϕ(t1)
3
}
+
{
3H + (1 + 3Ht1)
(
−i ∂
∂ω
κ(t1,−ω)
∣∣∣∣
ω=0
)
+ 3H
∂2
∂ω2
κ(t1,−ω)
∣∣∣∣
ω=0
+
1
3
[
(1 + 3Ht1)
(
−i ∂
∂ω
κ˜(t1,−ω)
∣∣∣∣
ω=0
)
+ 3H
∂2
∂ω2
κ˜(t1,−ω)
∣∣∣∣
ω=0
]
ϕ(t1)
2
}
ϕ˙(t1) = 0 .
(3.9)
From this equation of motion we see that the “potential” (terms in the first curly bracket) which
is time-dependent for ϕ, is determined by
κ(t1, ω = 0), κ˜(t1, ω = 0),
∂
∂ω
κ(t1,−ω)
∣∣∣∣
ω=0
,
∂
∂ω
κ˜(t1,−ω)
∣∣∣∣
ω=0
;
whereas the dissipation coefficient (terms in the second curly bracket) relies on
∂
∂ω
κ(t1,−ω)
∣∣∣∣
ω=0
,
∂
∂ω
κ˜(t1,−ω)
∣∣∣∣
ω=0
,
∂2
∂ω2
κ(t1,−ω)
∣∣∣∣
ω=0
,
∂2
∂ω2
κ˜(t1,−ω)
∣∣∣∣
ω=0
.
We will obtain these expressions in the following section.
4 Computation of the potential and the dissipation coefficient
In this section we shall calculate the self-energy and the correction to the self-coupling constant
of φ, together with the first and second derivatives of them.
4.1 Computation of κ(t1)
The leading order contribution to ΠR(t1, t2), and κ(t1) ≡ κ(t1, ω = 0), is given by the tadpole
diagram, shown in Fig. 2, with η or χ running in the loop. We observe that Π12 = 0 because t1
– 8 –
t1 t2
Figure 3. A Feynman diagram, the fish diagram, corresponding to Π˜R.
and t2 must be identical. Using (eq. 2.1) we obtain,
ΠR(t1, t2) = Π11(t1, t2)
=
1
2
δ(t1 − t2)
∑
ξ=η,χ
[
gξ
∫
d3p
(2pi)3
(∆ξ)11(p, t1, t2)
]
=
1
2
δ(t1 − t2)
∑
ξ=η,χ
[
gξ
∫
d3p
(2pi)3
Re(∆ξ)>(p, t1, t2)
]
,
(4.1)
with gη ≡ λ, gχ ≡ h. The integral is computed in Appendix B.1,
ΠR(t1, t2) = δ(t1 − t2)
 12pi2β(t1)2 ∑
ξ=η,χ
gξh3 [Mξβ(t1)]
 . (4.2)
Mη and Mχ denote, respectively, the effective masses for η and χ, and h3 is given by,
h3(y) =
pi2
12
−piy
4
−
(
γE
8
− 1
16
)
y2− y
2
8
log
y
4pi
+
∞∑
m=1
(−1)m+1
2m+3
(2m− 1)!!
(m+ 1)!
ζ(2m+ 1)
(2pi)2m
y2m+2 , (4.3)
with γE being the Euler constant. Fourier transforming (eq. 4.2) yields,
κ(t1) =
1
2pi2β(t1)2
∑
ξ=η,χ
gξh3 [Mξβ(t1)]
≈ λ+ h
24γ2
(1− 2Ht1) .
(4.4)
4.2 Computation of κ˜(t1)
The leading order contribution to Π˜R(t1, t2), and κ˜(t1) ≡ κ˜(t1, ω = 0), is obtained from the
“fish” diagram, shown in Fig. 3, with the internal lines corresponding to two η or two χ free
propagators:
Π˜R(t1, t2) =Π˜11(t1, t2)− Π˜12(t1, t2)
=
i
2
∑
ξ=η,χ
∫
(−igξ)2 d
3q
(2pi)3
[
(∆ξ)11(q, t1, t2)(∆ξ)11(−q, t1, t2)
− (∆ξ)12(q, t1, t2)(∆ξ)12(−q, t1, t2)
]
=θ(t1 − t2)
∑
ξ=η,χ
g2ξ
∫
d3q
(2pi)3
Im
[
(∆ξ)>(q, t1, t2)
2
]
.
(4.5)
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In order to perform the integral over 3-momentum and carry out Fourier transformation over
t = t1 − t2, we first expand the integrand in (eq. 4.5) to first order in H,
(∆ξ)>(q, t1, t2)
2
≈ 1
4ω2ξq
[
(1− 2Ht1γ0) +Htγ1 + 2iHt1tγ2 − iHt2γ2
]
(1 + f (ωξq))
2 e−2iωξqt
+ (ωξq → −ωξq)− 1
2ω2ξq
[
(1 +Ht1γ
′
0) +Htγ
′
1
]
(1 + f(ωξq))f(ωξq),
(4.6)
where ωξq =
√
q2 +M2ξ and
γ0(ωξq) = 3 +
γM2ξ
ωξq
f(ωξq)−
ω2ξq −M2ξ
ω2ξq
γ1(ωξq) = 3 + 2
γM2ξ
ωξq
f(ωξq)−
ω2ξq −M2ξ
ω2ξq
γ2 (ωξq) =
ω2ξq −M2ξ
ωξq
γ′0(ωξq) = −6 + 2
ω2ξq −M2ξ
ω2ξq
− (1 + 2f(ωξq))
γM2ξ
ωξq
γ′1(ωξq) = 3 +
γM2ξ
ωξq
(1 + 2f(ωξq))−
ω2ξq −M2ξ
ω2ξq
. (4.7)
For a general function K given by
K = K0(ωξq) + tK1(ωξq) + t
2K2(ωξq)
with K0(ωξq), K1(ωξq), K2(ωξq) being generic rational functions of ωξq, we obtain an explicit
expression of its Fourier transformation in Appendix B.2:
ReFω
[
θ(t) Im
∫
d3q
(2pi)3
[
K0 (ωξq) + tK1 (ωξq) + t
2K2 (ωξq)
]
e−2iωξqt
]
= Ire [K0]|αξ=0 +
∂
∂ω
Iim [K1]|αξ=0 −
∂2
∂ω2
Ire [K2]|αξ=0 ,
(4.8)
where αξ, which will be defined and used in the following section, is related to the decay rate of
a ξ field. Ire [K (ωξq)], and Iim [K (ωξq)] are given as follows,
Ire [K (ωξq)] =
1
(2pi)3
∫ ∞
Mξ
dωξq4piωξq
√
ω2ξq −M2ξ
{
ReK (ωξq)
2ωξq
ω2 − 4ω2ξq
+ ImK (ωξq)
[
αξ
2ωξq (ω + 2ωξq)
2 +
αξ
2ωξq (ω − 2ωξq)2
]}
,
Iim [K (ωξq)] =
1
(2pi)3
∫ ∞
Mξ
dωξq4piωξq
√
ω2ξq −M2ξ
{
ImK (ωξq)
ω
ω2 − 4ω2ξq
− ReK (ωξq)
[
αξ
2ωξq (ω − 2ωξq)2
− αξ
2ωξq (ω + 2ωξq)
2
]}
.
(4.9)
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Combining (eq. 4.6) and (eq. 4.9) we obtain,∑
ξ
g2ξ ReF
ω
[
θ(t) Im
∫
d3q
(2pi)3
(∆ξ)>(q, t1, t2)
2
]
=
1
2
∑
ξ
g2ξ
{
Ire
[
1
2ω2ξq
(1− 2Ht1γ0(ωξq)) (1 + f(ωξq))2 − (ωξq → −ωξq)
]
+
∂
∂ω
Iim
[
H
2ω2ξq
(γ1(ωξq) + 2it1γ2(ωξq)) (1 + f(ωξq))
2 + (ωξq → −ωξq)
]
+
∂2
∂ω2
Ire
[
iH
1
2ω2ξq
γ2(ωξq) (1 + f(ωξq))
2 − (ωξq → −ωξq)
]}
.
(4.10)
Setting ω = 0 and performing the integrals, we arrive at,
κ˜(t1) =
∑
ξ
g2ξ ReF
ω
θ(t) Im∫ d3q
(2pi)3
(∆ξ)>(q, t1, t2)
2
∣∣∣∣∣∣
ω=0

= −
∑
ξ=η,χ
g2ξ (1− 4Ht1)
1
32piMξγ
.
(4.11)
If we set H = 0, we obtain the familiar results in flat spacetime,
κ˜(t1) ≈ − λ
2T
32piMη
− h
2T
32piMχ
. (4.12)
using Minkowski-space propagators in loop diagrams.
4.3 Computation of ∂
∂ω
κ˜(t1,−ω)
∣∣
ω=0
As mentioned in [1], the leading contribution to ∂∂ω κ˜(t1,−ω)
∣∣
ω=0
comes from the fish diagram,
Fig. 3, but with the one-loop corrected (η− or χ−) propagators. Such propagators rely on the
decay rates, which has been calculated in [1] in flat spacetime:
Γχ =
λ′2 + 3h2
256pi3γ2ωχ
≡ αχ
ωχ
, Γη =
λ2 + 3h2
256pi3γ2ωη
≡ αη
ωη
. (4.13)
In the present situation, since we have assumed the system to be in pseudo-equilibrium and we
do not consider higher order corrections, we replace (eq. 4.13) by
Γχ(t
′) =
λ′2 + 3h2
256pi3β(t′)2Ωχ(t′)
, Γη(t
′) =
λ2 + 3h2
256pi3β(t′)2Ωη(t′)
. (4.14)
Similar to (eq. 4.8), we have
Fω
[
θ(t) Im
∫
d3q
(2pi)3
(
K0 + tK1 + t
2K2
)
e
−αξ
ωq
t
]
=
∫
d3q
(2pi)3
(
ImK0
ωqαξ
α2ξ + ω
2ω2q
+ ImK1
∂
∂ω
ωω2q
α2ξ + ω
2ω2q
− ImK2 ∂
2
∂ω2
ωqαξ
α2ξ + ω
2ω2q
)
+ i
∫
d3q
(2pi)3
(
ImK0
ωω2q
α2ξ + ω
2ω2q
− ImK1 ∂
∂ω
ωqαξ
α2ξ + ω
2ω2q
− ImK2 ∂
2
∂ω2
ωω2q
α2ξ + ω
2ω2q
) (4.15)
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t1 t2
Figure 4. A Feynman diagram, the sunset diagram, corresponding to the imaginary part of ΠR
and
ImFω
{
θ(t) Im
∫
d3q
(2pi)3
[
K0 (ωξq) + tK1 (ωξq) + t
2K2 (ωξq)
]
e−2iωξqt
}
=Iim [K0]− ∂
∂ω
Ire [K1]− ∂
2
∂ω2
Iim [K2] ,
(4.16)
where Ire and Iim are defined in (eq. 4.9), and the derivation of which is shown in Appendix B.2.
By expanding the propagator to the first order in H and making the following peak approxima-
tion,
f(ωξq)→ 1
γωξq
,
∫ ∞
m
→
∫ 1/γ
m
, (4.17)
and then with the help of (eq. 4.15) and (eq. 4.16) to perform the Fourier transformations, to
the first order in H and to the lowest orders in αχ and αη we get,
− i ∂
∂ω
κ˜(t1,−ω)
∣∣∣∣
ω=0
=− h2
[
− 32piγ
λ′2 + 3h2
(
1 + log
Mχγ
2
)
+Ht1
32piγ
3 (λ′2 + 3h2)
(
5 + 9 log
Mχγ
2
)
−H 2
13pi4γ2
(λ′2 + 3h2)2
]
− λ2
[
− 32piγ
λ2 + 3h2
(
1 + log
Mχγ
2
)
+Ht1
32piγ
3 (λ2 + 3h2)
(
5 + 9 log
Mχγ
2
)
−H 2
13pi4γ2
(λ2 + 3h2)2
]
.
(4.18)
4.4 Computation of ∂
∂ω
κ(t1,−ω)
∣∣
ω=0
∂
∂ωκ(t1,−ω)
∣∣
ω=0
is determined by the imaginary part of the self-energy [1] whose leading order
contribution, for soft momenta, comes from the sunset diagram in Fig. 4.
ΠR(t1, t2)
=h2θ(t1 − t2)
∫
d3k
(2pi)3
d3l
(2pi3)
Im [(∆χ)>(k, t1, t2)(∆χ)>(l, t1, t2)(∆η)>(k + l, t1, t2)] .
(4.19)
In Appendix D we show that we can express the derivative of κ(−ω) in the following form, where
the derivatives of Is, Ic, Js, Jc are given by equations (D.7), (D.8), (D.10), (D.11),
− i ∂
∂ω
κ(t1,−ω)
∣∣∣∣
ω=0
=− h
2
8
{
(1− 9Ht1) ∂
∂ω
Is [γ0]
∣∣∣∣
ω=0
+Ht1
∂
∂ω
Is [γ1]
∣∣∣∣
ω=0
−Ht1 ∂
∂ω
Is [γ2]
∣∣∣∣
ω=0
− 2Ht1 ∂
2
∂ω2
Ic [γ3]
∣∣∣∣
ω=0
− 9
2
H
∂
∂ω
Js [γ0]
∣∣∣∣
ω=0
− 1
2
H
∂
∂ω
Js [γ1]
∣∣∣∣
ω=0
+H
∂
∂ω
Js [γ2]
∣∣∣∣
ω=0
−H ∂
∂ω
Jc [γ3]
∣∣∣∣
ω=0
}
.
(4.20)
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This derivation is not much different from the calculation of the imaginary part of the self-energy
performed in [1]. But the analogous integrals in de Sitter spacetime are more complicated: we do
not have delta functions resulted from momentum conservation, which in turn greatly simplify
the subsequent calculations. Our strategy is to calculate each term in the above equation, with
the assumption that Mχ/Mη  1, to obtain analytical results of the integrals.
Let us now calculate the first line in the curly bracket in (eq. 4.20), which is dominated by
regions where ωχk, ωχl  1/γ, since in these regions the Bose distribution function has a peak.
We can then make an approximation, f(x) ≈ 1/(γx) − 1/2 (for x  1/γ), to simplify the
integrals. Since γ0, γ1, γ2 ( at least to the zeroth order in Mηγ) do not change when all three
arguments change simultaneously, while γ3 changes sign, the temperature dependent part in
∂/∂ωIs[γ0,1,2]|ω=0 and in ∂2/∂2ωIc[γ3]|ω=0 appears in the following forms:
(1 + f(ωηq)) f(ωχk)f(ωχl)− f(ωηq) (1 + f(ωχk)) (1 + f(ωχl)) ≈ 1
γ2
(
1
ωχkωχl
− 1
ωηqωχk
− 1
ωηqωχl
)
,
(1 + f(ωηq)) f(ωχk)f(ωχl) + f(ωηq) (1 + f(ωχk)) (1 + f(ωχl)) ≈ 1
γ3ωηqωχkωχl
.
(4.21)
We thus conclude that ∂/∂ωIs[γ0,1,2]|ω=0 is much smaller than ∂2/∂2ωIc[γ3]|ω=0 and the former
can be safely neglected.
Considering − ∂2
∂ω2
Ic [γi]
∣∣∣
ω=0
it is the sum of the following three integrals (eq. D.8),
− 1
2(2pi)3
∫ ∞
Mχ
dωχl
∫ Mχt0p
Mχt0m
dωχk
∂2
∂ω2
[
γi (−ω + ωχk + ωχl − ωχk,−ωχl) (1 + f (ωχk + ωχl − ω)) f (ωχk) f (ωχl)
− γi (ω − ωχk − ωχl, ωχk, ωχl) f (ωχk + ωχl − ω) (1 + f (ωχk)) (1 + f (ωχl))
]∣∣∣∣
ω=0
,
(4.22)
− 1
2(2pi)3
∫ ∞
Mχ
dωχlM
2
χ(t1p)
2 ∂
∂ωχk
[
γi(ωχk + ωχl,−ωχk,−ωχl) (1 + f (ωχk + ωχl)) f (ωχk) f (ωχl)
− γi (−ωχk − ωχl, ωχk, ωχl) f (ωχk + ωχl) (1 + f (ωχk)) (1 + f (ωχl))
]∣∣∣∣
ωχk→Mχt0p
,
(4.23)
1
2(2pi)3
∫ ∞
Mχ
dωχlM
2
χ(t1m)
2 ∂
∂ωχk
[
γi(ωχk + ωχl,−ωχk,−ωχl) (1 + f (ωχk + ωχl)) f (ωχk) f (ωχl)
− γi (−ωχk − ωχl, ωχk, ωχl) f (ωχk + ωχl) (1 + f (ωχk)) (1 + f (ωχl))
]∣∣∣∣
ωχk→Mχt0m
.
(4.24)
It is easy to check that Mχt0p grows rapidly with ωχl: Mχt0p ∼ M
2
η
M2χ
ωχl while Mχt0m decreases
with ωχl. Therefore for the integral (eq. 4.23) the rational-function approximation of the Bose
distribution function is inappropriate. The integrand will indeed be negligible due to the large
exponential in the denominator. On the other hand, it is viable to use the rational-function
approximation in the integral (eq. 4.24), which turns out to be much larger than (eq. 4.23).
For the integral (eq. 4.22), we can see that it would not be of much difference in the order
of magnitude if we replace the partial derivative ∂/∂ω by ∂/∂ωχk. After carrying out this
replacement, it can be written as [(4.23)/(t1p)
2− (4.24)/(t1m)2]. The first term can be neglected
because (eq. 4.23) is small and t1p is large. We can also neglect the second term because t1m is
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T Mη Mχ analytic result numerical result error
1× 105 500 1 7.01× 108 7.30× 108 −4%
1× 105 1000 1 2.03× 108 1.99× 108 2%
1× 104 100 1 1.20× 107 1.19× 107 0.9%
1× 104 100 0.5 1.45× 107 1.51× 107 −3.8%
Table 1. Comparison of analytic and numerical results: here we choose some numerical values for the
parameters and list the analytic results, which is determined by (eq. 4.26), and the numerical results,
which is numerically computed from the first line in the curly bracket in (eq. 4.20), corresponding to each
of the choices.
much greater than 1 when ωχl is small, and we can make a rough estimate of the ratio of the
contribution of t1m to that of 1, ∫ M
m
t1mdωχl∫ Mη
Mχ
dωχl
≈ Mη
6Mχ
. (4.25)
It shows that (eq. 4.22) is indeed much smaller than (eq. 4.24) and therefore we will only
keep (eq. 4.24).
With the above approximations performed (eq. D.8) can be integrated out:
− ∂
2
∂ω2
Ic [γ3]
∣∣∣∣
ω=0
≈ 1
(2pi)3
∫ ∞
Mχ
dωχlM
2
χ (t1m)
2 ∂
∂ωχk
[
γ3 (ωχk + ωχl,−ωχk,−ωχl) 1
γ3 (ωχk + ωχl)ωχkωχl
] ∣∣∣∣
ωχk→Mχt0m
≈ T
3
4pi3M2η
[
M8η
(M4η + 4M
2
χT
2)2
− M
4
η
M4η + 4M
2
χT
2
− 4M
2
χM
4
ηT
2
(M4η + 4M
2
χT
2)2
+
8M4χT
2
M2η (M
4
η + 4M
2
χT
2)
+ log
(
1
4
)
− 1 + log
 M6η
M4χ
√
M4η + 4M
2
χT
2
 .
(4.26)
The accuracy of this approximation can be seen in some examples in Table 1, the error is around
3%.
Next we compute ∂/∂ωJc[γ3]|ω=0 and ∂/∂ωJs[γ0,1,2]|ω=0, for which we assume that: λ, λ′, h 
Mχγ. As we have mentioned in Section 2, in order for the calculations to be carried out
perturbatively, λ, λ′, h should be small enough and, in particular, smaller than any dimensionless
quantity that can be constructed using dimensionful dynamical quantities in the model. There
are eight terms in ∂/∂ωJc[γi]|ω=0, with different signs χq, χk, χl before ωηq, ωχk, ωχl. We first
compute the terms in ∂/∂ωJc[γ3]|ω=0 that correspond to χq = 1, χk = −1, χl = −1 and χq =
– 14 –
−1, χk = 1, χl = 1:
6
1
(2pi)4
∫ ∞
Mχ
dωχkdωχl
∫ 1
−1
dw
√
ω2χk −M2χ
√
ω2χl −M2χ (ωηq − ωχk − ωχl)4
ωηq
[
(ωηq − ωχk − ωχl)2 + α2χ (1/(2ωχk) + 1/(2ωχl))2
]4γ3 (ωηq,−ωχk,−ωχl)
× [(1 + f(ωηq))(1 + f(−ωχk))(1 + f(−ωχl)) + (1 + f(−ωηq))(1 + f(ωχk))(1 + f(ωχl))] .
(4.27)
These are the dominant contribution to the principle part of the sunset diagram. The second
line in the above formula has a peak when ωχk, ωχl  1/γ, allowing us to approximate it by,
1
4
+
1
γ2
(
1
ωχkωχl
− ωχk + ωχl
ωχkωχlωηq
)
, (4.28)
and to cut down the upper limit of integration to 1/γ. Let us now consider the following term
in the integral:
G(ωχk, ωχl, w) =
g(ωχk, ωχl, w)
4[
g(ωχk, ωχl, w)2 + α2χ
(
1
2ωχk
+
1
2ωχl
)2]4 , (4.29)
where
g(ωχk, ωχl, w) ≡ ωηq − ωχk − ωχl
=
√
ω2χk + ω
2
χl + 2w
√
ω2χk −M2χ
√
ω2χl −M2χ +M2η − 2M2χ − ωχk − ωχl.
(4.30)
Since αχ/M
2
χ  1/(256pi3) ⇒ αχ/M2χ  10−4, one infers that G has a peak (see Fig. 5 for the
plot of the integrand in (eq. 4.27)) around some points at which g(ωχk, ωχl, w) and αχ(1/ωχk +
1/ωχl) have the same order of magnitude. Hence,
ωχkωχl =
M2η
2(1− w) +O
(
M2χ
)
+O (αχ) ,
ωχk, ωχl = O(Mη) +O
(
M2χ
Mη
)
+O
(
αχ
Mη
)
.
(4.31)
Furthermore we note that if we vary g(ωχk, ωχl, w) by an amount of order αχ/Mη, then
αχ(1/ωχk + 1/ωχl) would vary by an amount of order α
2
χ/M
3
η , i.e., the latter can be regarded
as constant. Hence, to determine the local maximum points of G(ωχk, ωχl, w) to an order of
O(αχ/Mη), we require that
g(ωχk, ωχl, w) = αχ
(
1
2ωχk
+
1
2ωχl
)
. (4.32)
ωχk, ωχl are apparently symmetric in these formulae. To simplify the calculations we define a
set of new variables: µ = ωχk + ωχl, ν = ωχkωχl/Mη. Then (eq. 4.32) becomes
g(µ, ν) =
αχµ
2Mην
, (4.33)
and to lowest order in αχ/Mη and M
2
χ/Mη, the solution to the above equation is
νmax =
Mη
2(1− w) . (4.34)
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Figure 5. Plot of the integrand in (eq. 4.27).
We will expand G near νmax at which G has a peak and then the integration region becomes
a band that is narrow in the ν direction and runs along the µ direction. From (eq. 4.31) we
see that the width of the band can be chosen to be αχ/Mχ since αχ/Mχ  αχ/Mη. First we
expand the function g around νmax:
g (µ, νmax(µ) + ∆) = g (µ, νmax(µ))+∆ · ∂g
∂ν
∣∣∣∣
µ,νmax(µ)
= αχ
µ
2Mηνmax(µ)
−Mη
µ
(1−w)∆. (4.35)
Inserting it into G we have
G (µ, νmax(µ) + ∆) =
g (µ, νmax(µ) + ∆)
4[
g (µ, νmax(µ) + ∆)
2 +
α2χµ
2
4M2η νmax(µ)
2
]4 , (4.36)
where we have made an approximation: α2χµ
2/
{
M2η [νmax(µ) + ∆]
2
}
≈ α2χµ2/
[
M2η νmax(µ)
2
]
.
The integrand in (eq. 4.27) becomes
6
1
(2pi)4
√
ω2χk −M2χ
√
ω2χl −M2χ
ωηq
G (µ, νmax(µ) + ∆)
(
ω2ηq −M2η
2ωηq
− 1
2
µ+
M2χµ
2Mην
)[
1
4
+
1
γ2Mην
(
1− µ
ωηq
)]
.
(4.37)
Because in the narrow band we have:
ν =
Mη
2(1− w) +O
(
M2χ
Mη
)
+O
(
αχ
Mη
)
,
ωηq = µ+ g (µ, νmax(µ) + ∆) ,
1
γ2Mην
(
1− µ
ωηq
)
 1
4
.
Eq. (4.37) can be approximated by
6 · 1
(2pi)4
M2η
8(1− w)
1
µ
[
−M
2
η
2µ
+ (1− w)M
2
χµ
M2η
]
g (µ, νmax(µ) + ∆)
4[
g (µ, νmax(µ) + ∆)
2 +
α2χµ
2
4M2η νmax(µ)
2
]4 . (4.38)
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Since outside of the band the integrand is negligible, the integration region of ∆ can be chosen
to be (−∞,∞). We also have restrictions on the range of µ and w: in the band we have
µ2 = (ωχk + ωχl)
2 ≥ 4ωχkωχl ≈
2M2η
1− w ≥M
2
η ⇒ (µ ≥Mη) & (w ≤ 1−
2M2η
µ2
). (4.39)
Therefore the measure becomes
∫ 1
−1
dw
∫ 1/γ
Mχ
dωχk
∫ 1/γ
Mχ
dωχl =
∫ 1− 2M2η
µ2
−1
dw
∫ 2/γ
Mη
dµ
∫ ∞
−∞
d∆
Mη√
µ2 − 4Mηv
. (4.40)
Hence the integral (eq. 4.27) becomes
6 · 1
(2pi)4
∫ 1− 2M2η
µ2
−1
dw
∫ 2/γ
Mη
dµ
Mη√
µ2 − 2M
2
η
1− w
M2η
8(1− w)
1
µ
[
−M
2
η
2µ
+ (1− w)M
2
χµ
M2η
]
×
[
2Mηνmax(µ)
αχµ
]4 ∫ ∞
−∞
d∆
[
1− 2(1− w)M
2
η νmax(µ)
αχµ2
∆
]4

[
1− 2(1− w)M
2
η νmax(µ)
αχµ2
∆
]2
+ 1

4
=6 · 1
(2pi)4
∫ 1− 2M2η
µ2
−1
dw
∫ 2/γ
Mη
dµ
Mη√
µ2 − 2M
2
η
1− w
M2η
8(1− w)
1
µ
[
−M
2
η
2µ
+ (1− w)M
2
χµ
M2η
]
×
[
2Mηνmax(µ)
αχµ
]4 pi
16
αχµ
2
2(1− w)M2η νmax(µ)
≈−3 · 2
21pi6γ2M2η
35(λ′2 + 3h2)3
,
(4.41)
where we have kept only terms of the lowest order in αχ.
Now let us turn our attention to the other six terms in the expression for ∂/∂ωJc[γ3]|ω=0. It is
easy to check that for any of these terms with signs χq, χk, χl, the equation,
χqωηq + χkωχk + χlωχl = αχ
(
1
2ωχk
+
1
2ωχl
)
, (4.42)
has no solution. The integrands in these terms do not have a sharp peak and they are much
smaller than the two terms we have calculated, and can henceforth be neglected. In addition,
∂/∂ωJs[γi]|ω=0(i = 0, 1, 2) can be neglected as well. The corresponding G(ωηq, ωχk, w) in these
terms is of order M3η /α
3
χ at the peak and is much smaller than (eq. 4.29) which is of order
M4η /α
4
χ.
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Combining equations (4.26) and (4.41) we obtain the derivative of the self-energy:
− i ∂
∂ω
κ(t1,−ω)
∣∣∣∣
ω=0
=− h
2
2(4pi)3
1
Mηγ2
(
1 + log
Mη
Mχ
)
−H 3 · 2
18pi6h2γ2M2η
35(λ′2 + 3h2)3
− h2Ht1 1
16pi3M2ηγ
3
 M8η
(M4η + 4M
2
χ/γ
2)2
− M
4
η
M4η + 4M
2
χ/γ
2
− 4M
2
χM
4
η /γ
2
(M4η + 4M
2
χ/γ
2)2
+
8M4χ/γ
2
M2η (M
4
η + 4M
2
χ/γ
2)
+ log
(
1
4
)
− 1 + log
 M6η
M4χ
√
M4η + 4M
2
χ/γ
2
.
(4.43)
Even if the Hubble parameter is very small, the second term at the right-hand side might be
larger than the first term if the coupling constants λ′ and h are small enough. This is due to the
resonance effect which amplifies the curved-spacetime effects. The implication of this resonance
on matter creation in the early universe shall be explored in a forthcoming article.
4.5 Computation of ∂
2
∂ω2
κ(t1,−ω)
∣∣∣
ω=0
and ∂
2
∂ω2
κ˜(t1,−ω)
∣∣∣
ω=0
The contribution to ∂
2
∂ω2
κ(t1,−ω)
∣∣∣
ω=0
can be determined by the tadpole diagram:
∂2
∂ω2
κ(t1,−ω)
∣∣∣∣
ω=0
=
[
∂2
∂ω2
∫ ∞
−∞
dtΠR(t1, t1 − t)eiωt
]
ω=0
= −
∫ ∞
−∞
dtΠR(t1, t1 − t)t2
∝
∫ ∞
−∞
dtδ(t)t2 = 0 .
(4.44)
As for ∂
2
∂ω2
κ˜(t1,−ω)
∣∣∣
ω=0
, the calculation is similar to that of κ˜(t1, ω = 0) and the result is
∂2
∂ω2
κ˜(t1,−ω)
∣∣∣∣
ω=0
= − (1− 4Ht1) 1
256piγ
∑
ξ=η,χ
g2ξ
M3ξ
. (4.45)
Summary: Let us summarise our main results here. The equation of motion for ϕ in an
abstract form is given above in (3.9):
ϕ¨(t1) +
{[
m2φ + (1 + 3Ht1)κ(t1, ω = 0)− 3H
(
−i ∂
∂ω
κ(t1,−ω)
∣∣∣∣
ω=0
)]
ϕ(t1)
+
1
6
[
λ+ (1 + 3Ht1)κ˜(t1, ω = 0)− 3H
(
−i ∂
∂ω
κ˜(t1,−ω)
∣∣∣∣
ω=0
)]
ϕ(t1)
3
}
+
{
3H + (1 + 3Ht1)
(
−i ∂
∂ω
κ(t1,−ω)
∣∣∣∣
ω=0
)
+ 3H
∂2
∂ω2
κ(t1,−ω)
∣∣∣∣
ω=0
+
1
3
[
(1 + 3Ht1)
(
−i ∂
∂ω
κ˜(t1,−ω)
∣∣∣∣
ω=0
)
+ 3H
∂2
∂ω2
κ˜(t1,−ω)
∣∣∣∣
ω=0
]
ϕ(t1)
2
}
ϕ˙(t1) = 0 .
(4.46)
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Using the results obtained in this section we obtain an explicit expression of the equation of
motion for ϕ, describing its dynamics in an expanding or a contracting cosmic background:
ϕ¨(t1) +

[
m2φ + (1 +Ht1)
λ+ h
24γ2
+H
3
2(4pi)3
h2
Mηγ2
(
1 + log
Mη
Mχ
)]
ϕ(t1)
+
[
λ− (1−Ht1)
(
λ2
32piMηγ
+
h2
32piMχγ
)
− 3H
(
32piγh2
λ′2 + 3h2
+
32piγλ2
λ2 + 3h2
)(
1 + log
Mχγ
2
)]
ϕ(t1)
3
6

+
− h22(4pi)3 1Mηγ2
(
1 + log
Mη
Mχ
)
+ 3H −H 3 · 2
18pi6h2γ2M2η
35(λ′2 + 3h2)3
−Ht1 h
2
16pi3M2ηγ
3
3Mηγ
8
(
1 + log
Mη
Mχ
)
+
M8η
(M4η + 4M
2
χ/γ
2)2
− M
4
η
M4η + 4M
2
χ/γ
2
− 4M
2
χM
4
η /γ
2
(M4η + 4M
2
χ/γ
2)2
+
8M4χ/γ
2
M2η (M
4
η + 4M
2
χ/γ
2)
+ log
(
1
4
)
− 1 + log
 M6η
M4χ
√
M4η + 4M
2
χ/γ
2

+
( 32piγh2
λ′2 + 3h2
+
32piγλ2
λ2 + 3h2
)(
1 + log
Mχγ
2
+
4
3
Ht1
)
+H
(
213pi4γ2h2
(λ′2 + 3h2)2
+
213pi4γ2λ2
(λ2 + 3h2)2
− 3λ
2
256piγM3η
− 3h
2
256piγM3χ
)ϕ(t1)2
3
 ϕ˙(t1) = 0 .
(4.47)
5 Conclusions and Discussions
In this paper, we considered a model of two scalar fields φ and χ with quartic coupling (eq. 3.1).
The mass of the φ field is assumed to be larger than twice the mass of the background field, χ,
so that the φ particles can decay into the χ particles for the studying of the dissipation effects.
In a thermal bath made up of the χ particles, we studied the dynamics of the thermal average of
the scalar field φ in an expanding or a contracting universe. We have assumed the background
to be de Sitter spacetime with Hubble parameter H 6= 0. The Hubble parameter is taken to be
a small constant in our calculations, our results are applicable to other expanding or contracting
cosmic backgrounds to first order in H. The effective temperature is taken to be extremely high
in our analysis to have the most manageable configuration yet retaining the interesting physics.
From the effective action of φ, we obtained its equation of motion (eq. 3.9), which is determined
by the thermally and quantum-mechanically corrected self-energy and the self-coupling, and
their derivatives. The analytic expressions of these quantities (eq. 4.4), (eq.4.11), (eq. 4.18),
(eq. 4.43) and (eq. 4.45) are the main results of this paper. In the computation of these quantities
we expanded the propagator to first order in H; and our results match with those in flat space,
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using Minkowski-space propagators in loop diagrams [1], if we set H to zero. Also, we developed
some mathematical techniques when calculating these relevant Feynman diagrams.
In the equation of motion (eq. 3.9), since the derivatives of κ and κ˜ are derived from 1-loop
corrected propagators, they appear to be of higher orders than κ and κ˜, which are ignored in
the effective potential of φ. However, as shown in (eq. 4.18) and (eq. 4.43), there are terms that
do not tend to zero as the coupling constants go to zero. Therefore they cannot be excluded
from the effective potential.
In our calculations we have used the assumption that the Hubble parameter H is small enough
such that we can expand all terms of interest to first order in H. Thus, strictly speaking,
the background universe is not a purely de Sitter spacetime, and the cosmic expansion is not
strictly exponential. However, in such a situation we can still obtain valuable information about
the effects of cosmic expansion/contraction on the scalar field dynamics. For example, from
equation (4.43), which contributes to the dissipation coefficient, we find that a de Sitter space,
which is very close to a flat spacetime, has the chance of showing curved-spacetime features
comparable to the flat spacetime features if the coupling constants h and λ′ are small enough.
This is because in a de Sitter spacetime, we have to integrate over resonances due to the lack of
spacetime translation invariance.
Our assumptions require that the temperature be much higher than the masses of the particles
and the scale of the Hubble parameter. The effective temperature decreases as the universe
expands, the corresponding approximation will fail when the temperature is of the same order
as the masses. This happens only near the end of reheating; and thus the working assumptions
are valid for the entire analysis if our results are applied to the reheating dynamics. Let us stress
that our results also apply to a negative Hubble parameter H. We shall be using these results
to study the quantum dissipative effects in the process of matter creation in the CST bounce
universe [34].
To discuss the quantum dissipative effects in the extreme conditions in the early universe, a
rigorous theoretical framework of first-principle high temperature thermal quantum field theory
is needed. The result we have obtained gives us a sense of the difference between the behaviour
of a scalar field in a flat spacetime and in a de Sitter spacetime, which is helpful to the study of
more realistic and more complicated situations, e.g. the effects of the expansion of the universe
on the thermal damping rates of particles in the early universe and the production of matter
within some specific inflationary or bounce models.
In this paper, we only calculated the results to the first order in H. Theoretically our approach
can be extended to arbitrarily high orders, but such attempts are not practical as the integrals get
much more complicated. Therefore, when H becomes large enough, for which the approximation
we have used would fail, one needs to seek other methods to extract the interesting physics
besides matter productions.
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A Free Spectral Function of a Scalar Field
In this appendix we calculate the free spectral function of a scalar field ξ in de Sitter spacetime
with action
S = −
∫
d4x
√−g 1
2
ξ
[
1√−g∂µ
(√−ggµν∂ν)+m2ξ] ξ
= −
∫
d4x
a3
2
ξ
[(
3H∂t + ∂
2
t − a−2∇2
)
+m2ξ
]
ξ,
(A.1)
where a = eHt.
If we set τ = −e−Ht/H, ξ˜ = a(t)ξ(x), then the action becomes
S = −
∫
dτ
∫
d3x
1
2
ξ˜
[
∂2τ −∇2 +
(
m2ξ − 2H2
)
a2
]
ξ˜ , (A.2)
from which we obtain the equation of motion for ξ˜:[
∂2
∂τ2
−∇2 + (m2ξ − 2H2)a2
]
ξ˜(x, τ) = 0. (A.3)
If we expand ξ˜(x, τ) as
ξ˜(x, τ) =
∫
d3k
(2pi)3
ξ˜(k, τ)eik·x + h.c. . (A.4)
To solve the equation of motion we employ the WKB method, and obtain,
ξ˜(x, τ) =
∫
d3k
(2pi)3
Ak
exp
[
−i
∫ τ
τ0
ω(τ ′)dτ ′
]
√
2ω(τ)
eik·x + h.c. ,
 , (A.5)
where τ0 is a constant of integration, Ak a momentum-dependent operator, and
ω(τ) =
√
k2 + (m2ξ − 2H2)a2 . (A.6)
The conjugate momentum is given by,
p˜i(x, τ) =
∫
d3k
(2pi)3
1√
2
[
−1
2
H(m2ξ − 2H2)a3ω−5/2 − iω1/2
]
Ak exp
(
−i
∫ τ
τ0
ω(τ ′)dτ ′
)
eik·x+h.c. .
(A.7)
– 21 –
From the commutation relation
[
ξ˜(x, τ), p˜i(x′, τ)
]
= iδ3(x−x′) we obtain
[
Ak, A
†
k′
]
= δ3(k−k′).
With this commutation relation of Ak and A
†
k′ we can calculate the free spectral function
using (A.5):
∆−(k, t1, t2) = i
〈[
ξ˜(τ1)
a(t1)
,
ξ˜(τ2)
a(t2)
]〉
β
=
1
a(t1)3/2a(t2)3/2
√
Ωξ(t1)
√
Ωξ(t2)
sin
[∫ t1
t2
Ωξ(t
′)dt′
]
,
(A.8)
where
Ωξ(t) ≡
√
k2/a(t)2 + (m2ξ − 2H2) . (A.9)
B A few useful formulae
In this appendix we present the relevant formulae that we have used in computing the integrals
associated with the Feynman diagrams.
B.1 Integrals Involving the Bose Distribution function
When doing the integrals in (eq. 4.1), we encounter expressions of the following form,
hn(y) =
1
Γ(n)
∫ ∞
0
dx
xn−1√
x2 + y2
1
e
√
x2+y2 − 1
(n ∈ Z+). (B.1)
By expanding 1/{[exp(
√
x2 + y2)]− 1} around
√
x2 + y2 = 0 into a Laurent series, integrating
over x and then expanding the expression around y = 0, we obtain
h1(y) =
pi
2y
+
1
2
log
y
4pi
+
γE
2
+
∞∑
m=1
(−1)m
2m+1
(2m− 1)!!
m!
ζ(2m+ 1)
( y
2pi
)2m
. (B.2)
It is easy to check that hn(y) satisfies,
dhn+1
dy
= −yhn−1
n
. (B.3)
Setting n = 2 and integrating the above equality we have,
h3(y) = −1
2
∫
yh1(y)dy +
pi2
12
=
pi2
12
− piy
4
−
(
γE
8
− 1
16
)
y2 − y
2
8
log
y
4pi
+
∞∑
m=1
(−1)m+1
2m+3
(2m− 1)!!
(m+ 1)!
ζ(2m+ 1)
(2pi)2m
y2m+2.
(B.4)
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B.2 Fourier Transformation of a General Form
In this subsection we shall calculate the real and imaginary parts of the following expressions:
Fω
[
θ(t)Im
∫
d3q
(2pi)3
(
K0 + tK1 + t
2K2
)
e−2iωqt−αt/ωq
]
,
Fω
[
θ(t)Im
∫
d3q
(2pi)3
(
K0 + tK1 + t
2K2
)
e−αt/ωq
]
,
(B.5)
where Fω denotes a Fourier transformation w.r.t. t and K0,K1,K2 are rational functions of q
2.
We use K to denote any of K0,K1,K2 and calculate the following integral:
Fω
[
θ(t) Im
∫
d3q
(2pi)3
K (ωq) e
−2iωqt− αωq t
]
=
∫
d3q
(2pi)3
[
−iReK(ωq)Fω
(
θ(t)
e−2iωqt − e2iωqt
2
e
− α
ωq
t
)
+ ImK(ωq)F
ω
(
θ(t)
e−2iωqt + e2iωqt
2
e
− α
ωq
t
)]
.
(B.6)
Carrying out the Fourier transformation in the integrand and change the variable of integration
to ωq =
√
q2 +m2, the integral becomes,
1
(2pi)3
∫ ∞
m
dωq
ωq√
ω2q −m2
4pi
(
ω2q −m2
)
×
{
ReK(ωq)
[
1
2
(
ω − 2ωq
(ω − 2ωq)2 + (α/ωq)2 −
ω + 2ωq
(ω + 2ωq)2 + (α/ωq)2
)
−i
(
α/(2ωq)
(ω − 2ωq)2 + (α/ωq)2 −
α/(2ωq)
(ω + 2ωq)2 + (α/ωq)2
)]
+ ImK(ωq)
[
i
2
(
ω + 2ωq
(ω + 2ωq)2 + (α/ωq)2
+
ω − 2ωq
(ω − 2ωq)2 + (α/ωq)2
)
+
(
α/(2ωq)
(ω + 2ωq)2 + (α/ωq)2
+
α/(2ωq)
(ω − 2ωq)2 + (α/(2ωq))2
)]}
.
(B.7)
Since we only calculate to the lowest order in α, the above expression can be further simplified
to,
1
(2pi)3
∫ ∞
m
dωq
ωq√
ω2q −m2
4pi
(
ω2q −m2
)
×
{
ReK(ωq)
[
2ωq
ω2 − 4ω2q
− i
(
α
2ωq(ω − 2ωq)2 −
α
2ωq(ω + 2ωq)2
)]
+ImK(ωq)
[
i
ω
ω2 − 4ω2q
+
(
α
2ωq(ω − 2ωq)2 +
α
2ωq(ω + 2ωq)2
)]}
≡ Ire [K(ωq)] + iIim [K(ωq)] ,
(B.8)
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where 
Ire [K (ωq)] =
1
(2pi)3
∫ ∞
m
dωq4piωq
√
ω2q −m2
{
ReK (ωq)
2ωq
ω2 − 4ω2q
+ ImK (ωq)
[
α
2ωq (ω + 2ωq)
2 +
α
2ωq (ω − 2ωq)2
]}
Iim [K (ωq)] =
1
(2pi)3
∫ ∞
m
dωq4piωq
√
ω2q −m2
{
ImK (ωq)
ω
ω2 − 4ω2q
− ReK (ωq)
[
α
2ωq (ω − 2ωq)2
− α
2ωq (ω + 2ωq)
2
]}
. (B.9)
We arrive at,
ImFω
[
θ(t) Im
∫
d3q
(2pi)3
(
K0 + tK1 + t
2K2
)
e
−2iωqt− αωq t
]
= ImFω
[
θ(t) Im
∫
d3q
(2pi)3
K0e
−2iωqt− αωq t
]
+ Im
{(
−i ∂
∂ω
)
Fω
[
θ(t) Im
∫
d3q
(2pi)3
K1e
−2iωqt− αωq t
]}
+ Im
{(
− ∂
2
∂ω2
)
Fω
[
θ(t) Im
∫
d3q
(2pi)3
K3e
−2iωqt− αωq t
]}
=Iim [K0]− ∂
∂ω
Ire [K1]− ∂
2
∂ω2
Iim [K2] .
(B.10)
In a similar way we obtain,
ReFω
[
θ(t) Im
∫
d3q
(2pi)3
(
K0 + tK1 + t
2K2
)
e
−2iωqt− αωq t
]
= Ire [K0]+
∂
∂ω
Iim [K1]− ∂
2
∂ω2
Ire [K2] ,
(B.11)
and
Fω
[
θ(t) Im
∫
d3q
(2pi)3
(
K0 + tK1 + t
2K2
)
e
− α
ωq
t
]
=
∫
d3q
(2pi)3
(
ImK0
ωqα
α2 + ω2ω2q
+ ImK1
∂
∂ω
ωω2q
α2 + ω2ω2q
− ImK2 ∂
2
∂ω2
ωqα
α2 + ω2ω2q
)
+ i
∫
d3q
(2pi)3
(
ImK0
ωω2q
α2 + ω2ω2q
− ImK1 ∂
∂ω
ωqα
α2 + ω2ω2q
− ImK2 ∂
2
∂ω2
ωω2q
α2 + ω2ω2q
)
.
(B.12)
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C Calculation of the Tadpole Diagram
In this appendix we present the detailed calculation of the the tadpole diagram. Inserting the
propagator (eq. 2.7) into (eq. 4.1) we have,
ΠR(t1, t2)
=
1
2
δ(t1 − t2)
∑
ξ=η,χ
∫
d3p
(2pi)3
gξ
a(t1)3
√
p2/a(t1)2 +M2ξ
1
2
+
1
e
√
p2β(t1)2/a(t1)2+M2ξ β(t1)
2 − 1

=δ(t1 − t2) 1
4pi2β(t1)2
∑
ξ=η,χ
∫
dx gξ
1
2
x2√
x2 +M2ξ β(t1)
2
+
x2√
x2 +M2ξ β(t1)
2
1
e
√
x2+M2ξ β(t1)
2 − 1
 .
(C.1)
We replace the divergent integrals that are independent of time by the constants C1 and C2:
C1 =
1
2
∑
ξ=η,χ
∫
d3p
(2pi)3
gξ
2
√
p2 +M2ξ
+ counter terms,
C2 =
1
2
∑
ξ=η,χ
∫
d3p
(2pi)3
 gξ√
p2 +M2ξ
+
gξM
2
ξ
2(p2 +M2ξ )
3/2
+ counter terms. (C.2)
yielding ΠR(t1, t2) in the following form,
ΠR(t1, t2) = δ(t1 − t2)
C1 − C2Ht1 + 12pi2β(t1)2 ∑
ξ=η,χ
gξh3 [Mξβ(t1)]
 . (C.3)
Comparing with the case of H = 0,
ΠR(t1, t2) ≈ δ(t1 − t2)

C1 +
∑
ξ=η,χ
∫
d3p
(2pi)3
gξ
2
√
p2 +M2ξ
· 1
exp
β0
√
p2 +M2ξ
a0
− 1

, (C.4)
we can conclude that C1 = 0 at zero temperature in flat spacetime. Furthermore the propagator
of φ has a pole at the physical mass: the first term and the second term in the C2 integral are
proportional to C1 or to the derivative of C1 with respect to Mξ, we deduce that C2 = 0. The
renormalised ΠR(t1, t2) is finally given by,
ΠR(t1, t2) = δ(t1 − t2)
 12pi2β(t1)2 ∑
ξ=η,χ
gξh3 [Mξβ(t1)]
 . (C.5)
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D Intermediate Results in the Calculation of the Sunset Dia-
gram
Let us now turn to the contribution of the sunset diagram to the self-energy,
− i [ΠR(t1, t2)]sunset
=− ih2θ(t1 − t2)
∫
d3k
(2pi)3
d3l
(2pi3)
Im [(∆χ)>(k, t1, t2)(∆χ)>(l, t1, t2)(∆η)>(k + l, t1, t2)] .
(D.1)
By expanding the propagators to first order in H and inserting them into the above equation
we obtain the following expression of the imaginary part of κ,
Imκ(t1, ω) =
h2
8
ImFω
{
θ(t)
∫
d3k
(2pi)3
d3l
(2pi)3
Im
1
ωηqωχkωχl
[(
1− 9Ht1 + 9
2
Ht
)
+
(
Ht1 − 1
2
Ht
)(
3− M
2
η
ω2ηq
− M
2
χ
ω2χk
− M
2
χ
ω2χl
)
−H (t1 − t)
(
f(ωηq)
γM2η
ωηq
+ f(ωχk)
γM2χ
ωχk
+ f(ωχl)
γM2χ
ωχl
)
+ iH
(
2t1t− t2
)( q2
2ωηq
+
k2
2ωχk
+
l2
2ωχl
)]
× (1 + f(ωηq)) (1 + f(ωχk)) (1 + f(ωχl)) exp [−i (ωηq + ωχk + ωχl) t− Γχ(ωχk)t/2− Γχ(ωχl)t/2]
}
+ (ωηq → −ωηq, ωχk → −ωχk, ωχl → −ωχl)
+ (ωηq → −ωηq, ωχk → −ωχk, ωχl → ωχl) + (ωηq → ωηq, ωχk → ωχk, ωχl → −ωχl)
+ (ωηq → −ωηq, ωχk → ωχk, ωχl → −ωχl) + (ωηq → ωηq, ωχk → −ωχk, ωχl → ωχl)
+ (ωηq → ωηq, ωχk → −ωχk, ωχl → −ωχl) + (ωηq → −ωηq, ωχk → ωχk, ωχl → ωχl)
=
h2
8
ImFω
{
θ(t)
∫
d3k
(2pi)3
d3l
(2pi)3
1
ωηqωχkωχl
{
− sin [(ωηq + ωχk + ωχl) t] exp (−Γχ(ωχk)t/2− Γχ(ωχl)t/2)×
[(1− 9Ht1) γ0 (ωηq, ωχk, ωχl) +Ht1γ1 (ωηq, ωχk, ωχl)−Ht1γ2 (ωηq, ωχk, ωχl)]
+ t cos [(ωηq + ωχk + ωχl) t] exp (−Γχ(ωχk)t/2− Γχ(ωχl)t/2) · 2Ht1γ3 (ωηq, ωχk, ωχl)
− t sin [(ωηq + ωχk + ωχl) t] exp (−Γχ(ωχk)t/2− Γχ(ωχl)t/2)
×
[
9
2
Hγ0 (ωηq, ωχk, ωχl)− 1
2
Hγ1 (ωηq, ωχk, ωχl) +Hγ2 (ωηq, ωχk, ωχl)
]
− t2 cos [(ωηq + ωχk + ωχl) t] exp (−Γχ(ωχk)t/2− Γχ(ωχl)t/2) ·Hγ3 (ωηq, ωχk, ωχl)
}
× (1 + f(ωηq)) (1 + f(ωχk)) (1 + f(ωχl))
}
+ (ωηq → −ωηq, ωχk → −ωχk, ωχl → −ωχl)
+ (ωηq → −ωηq, ωχk → −ωχk, ωχl → ωχl) + (ωηq → ωηq, ωχk → ωχk, ωχl → −ωχl)
+ (ωηq → −ωηq, ωχk → ωχk, ωχl → −ωχl) + (ωηq → ωηq, ωχk → −ωχk, ωχl → ωχl)
+ (ωηq → ωηq, ωχk → −ωχk, ωχl → −ωχl) + (ωηq → −ωηq, ωχk → ωχk, ωχl → ωχl) ,
(D.2)
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where Γχ(ωχk) ≈ λ′2+3h2256pi3γ2ωχk ,Γχ(ωχl) ≈
λ′2+3h2
256pi3γ2ωχl
[1] and
γ0 (ωηq, ωχk, ωχl) = 1 ,
γ1 (ωηq, ωχk, ωχl) = 3−
M2η
ω2ηq
− M
2
χ
ω2χk
− M
2
χ
ω2χl
,
γ2 (ωηq, ωχk, ωχl) = f(ωηq)
γM2η
ωηq
+ f(ωχk)
γM2χ
ωχk
+ f(ωχl)
γM2χ
ωχl
,
γ3 (ωηq, ωχk, ωχl) =
q2
2ωηq
+
k2
2ωχk
+
l2
2ωχl
.
(D.3)
We note that in (eq. D.2) there are four kinds of Fourier transformations, which involves sin(ωηq+
ωχk+ωχl), t cos(ωηq +ωχk+ωχl), t sin(ωηq +ωχk+ωχl), and t
2 cos(ωηq +ωχk+ωχl), respectively.
For the first two we carry out the Fourier transformations and perform the angle integrals and
express them in the following form:
Is[γi] ≡− ImFω
{
θ(t)
∫
d3k
(2pi)3
d3l
(2pi)3
sin [(ωηq + ωχk + ωχl) t] exp (−Γχ(ωχk)t/2− Γχ(ωχl)t/2) γi(ωηq, ωχk, ωχl)
ωηqωχkωχl
× (1 + f(ωηq)) (1 + f(ωχk)) (1 + f(ωχl))
}
+ (ωηq → −ωηq, ωχk → −ωχk, ωχl → −ωχl)
+ (ωηq → −ωηq, ωχk → −ωχk, ωχl → ωχl) + (ωηq → ωηq, ωχk → ωχk, ωχl → −ωχl)
+ (ωηq → −ωηq, ωχk → ωχk, ωχl → −ωχl) + (ωηq → ωηq, ωχk → −ωχk, ωχl → ωχl)
+ (ωηq → ωηq, ωχk → −ωχk, ωχl → −ωχl) + (ωηq → −ωηq, ωχk → ωχk, ωχl → ωχl)
≈ 1
4(2pi)3
∫ ∞
Mχ
dωχl
∫ Mχt1+
Mχt1−
dωχk
[
γi (−ω + ωχk + ωχl,−ωχk,−ωχl) (1 + f (ωχk + ωχl − ω)) f (ωχk) f (ωχl)
−γi (ω − ωχk − ωχl, ωχk, ωχl) f (ωχk + ωχl − ω) (1 + f (ωχk)) (1 + f (ωχl))
]− (ω → −ω) .
(D.4)
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− ∂
∂ω
Ic[γi] ≡ImFω
{
θ(t)
∫
d3k
(2pi)3
d3l
(2pi)3
t cos [(ωηq + ωχk + ωχl) t] exp (−Γχ(ωχk)t/2− Γχ(ωχl)t/2) γi(ωηq, ωχk, ωχl)
ωηqωχkωχl
× (1 + f(ωηq)) (1 + f(ωχk)) (1 + f(ωχl))
}
+ (ωηq → −ωηq, ωχk → −ωχk, ωχl → −ωχl)
+ (ωηq → −ωηq, ωχk → −ωχk, ωχl → ωχl) + (ωηq → ωηq, ωχk → ωχk, ωχl → −ωχl)
+ (ωηq → −ωηq, ωχk → ωχk, ωχl → −ωχl) + (ωηq → ωηq, ωχk → −ωχk, ωχl → ωχl)
+ (ωηq → ωηq, ωχk → −ωχk, ωχl → −ωχl) + (ωηq → −ωηq, ωχk → ωχk, ωχl → ωχl)
≈− ∂
∂ω
{
1
4(2pi)3
∫ ∞
Mχ
dωχl
∫ Mχt1+
Mχt1−
dωχk
[
γi (−ω + ωχk + ωχl,−ωχk,−ωχl)
× (1 + f (ωχk + ωχl − ω)) f (ωχk) f (ωχl)
− γi (ω − ωχk − ωχl, ωχk, ωχl) f (ωχk + ωχl − ω) (1 + f (ωχk)) (1 + f (ωχl))
]
+ (ω → −ω)
}
(D.5)
where
t1± = (u− 1)s±
√
u(u− 2) (s2 − 1) + ω
Mχ
[
1− u+ (2u− 1)s2 ± s
√
u(u− 2) (s2 − 1)
(
2u− 3
u− 2
)]
u =
M2η
2M2χ
, s =
ωχl
Mχ
.
(D.6)
We shall presently compute the derivatives of Is and Ic and setting ω = 0:
∂
∂ω
Is [γi]
∣∣∣∣
ω=0
=2 · 1
4(2pi)3
∫ ∞
Mχ
dωχl
∫ Mχ[(u−1)s+√u(u−2)(s2−1)]
Mχ
[
(u−1)s−
√
u(u−2)(s2−1)
] dωχk
∂
∂ω
[
γi (−ω + ωχk + ωχl,−ωχk,−ωχl) (1 + f (ωχk + ωχl − ω)) f (ωχk) f (ωχl)
− γi (ω − ωχk − ωχl, ωχk, ωχl) f (ωχk + ωχl − ω) (1 + f (ωχk)) (1 + f (ωχl))
]
ω=0
+2 · 1
4(2pi)3
∫ ∞
Mχ
dωχl
{
Mχt1p
[
γi (ωχk + ωχl,−ωχk,−ωχl) (1 + f (ωχk + ωχl)) f (ωχk) f (ωχl)
− γi (−ωχk − ωχl, ωχk, ωχl) f (ωχk + ωχl) (1 + f (ωχk)) (1 + f (ωχl))
]
ωχk=Mχt0p
−Mχt1m
[
γi (ωχk + ωχl,−ωχk,−ωχl) (1 + f (ωχk + ωχl)) f (ωχk) f (ωχl)
− γi (−ωχk − ωχl, ωχk, ωχl) f (ωχk + ωχl) (1 + f (ωχk)) (1 + f (ωχl))
]
ωχk=Mχt0m
}
.
(D.7)
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− ∂
2
∂ω2
Ic [γi]
∣∣∣∣
ω=0
=− 1
2(2pi)3
∫ ∞
Mχ
dωχl
{∫ Mχt0p
Mχt0m
dωχk
∂2
∂ω2
[
γi (−ω + ωχk + ωχl,−ωχk,−ωχl)
× (1 + f (ωχk + ωχl − ω)) f (ωχk) f (ωχl)
− γi (ω − ωχk − ωχl, ωχk, ωχl) f (ωχk + ωχl − ω) (1 + f (ωχk)) (1 + f (ωχl))
]∣∣∣∣
ω=0
+M2χ(t1p)
2 ∂
∂ωχk
[
γi(ωχk + ωχl,−ωχk,−ωχl) (1 + f (ωχk + ωχl)) f (ωχk) f (ωχl)
− γi (−ωχk − ωχl, ωχk, ωχl) f (ωχk + ωχl) (1 + f (ωχk)) (1 + f (ωχl))
]∣∣∣∣
ωχk→Mχt0p
−M2χ(t1m)2
∂
∂ωχk
[
γi(ωχk + ωχl,−ωχk,−ωχl) (1 + f (ωχk + ωχl)) f (ωχk) f (ωχl)
− γi (−ωχk − ωχl, ωχk, ωχl) f (ωχk + ωχl) (1 + f (ωχk)) (1 + f (ωχl))
]∣∣∣∣
ωχk→Mχt0m
}
,
(D.8)
where 
u =
M2η
2M2χ
, s =
ωχl
Mχ
t0p = (u− 1)s+
√
u(u− 2) (s2 − 1)
t0m = (u− 1)s−
√
u(u− 2) (s2 − 1)
t1p =
1
Mχ
[
1− u+ (2u− 1)s2 + s
√
u(u− 2) (s2 − 1)
(
2u− 3
u− 2
)]
t1m =
1
Mχ
[
1− u+ (2u− 1)s2 − s
√
u(u− 2) (s2 − 1)
(
2u− 3
u− 2
)]
t1+ = t0p + ωt1p, t1− = t0m + ωt1m .
(D.9)
We also calculate the derivatives of the Fourier transformations of, t sin(ωηq + ωχk + ωχl) and
t2 cos(ωηq + ωχk + ωχl) (which we denote by Js and Jc, respectively) and then evaluate them at
ω = 0:
∂
∂ω
Js [γi]
∣∣∣∣
ω=0
≈− 2 1
(2pi)4
∫ ∞
Mχ
dωχkdωχl
∫ 1
−1
dw
√
ω2χk −M2χ
√
ω2χl −M2χ (ωηq + ωχk + ωχl)3
ωηq
[
(ωηq + ωχk + ωχl)
2 + (Γχ(ωχk)/2 + Γχ(ωχl)/2)
2
]3
× γi (ωηq, ωχk, ωχl) (1 + f(ωηq)) (1 + f(ωχk)) (1 + f(ωχl))
+ (ωηq → −ωηq, ωχk → −ωχk, ωχl → −ωχl)
+ (ωηq → −ωηq, ωχk → −ωχk, ωχl → ωχl) + (ωηq → ωηq, ωχk → ωχk, ωχl → −ωχl)
+ (ωηq → −ωηq, ωχk → ωχk, ωχl → −ωχl) + (ωηq → ωηq, ωχk → −ωχk, ωχl → ωχl)
+ (ωηq → ωηq, ωχk → −ωχk, ωχl → −ωχl) + (ωηq → −ωηq, ωχk → ωχk, ωχl → ωχl) ,
(D.10)
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∂∂ω
Jc [γi]
∣∣∣∣
ω=0
≈ 6 1
(2pi)4
∫ ∞
Mχ
dωχkdωχl
∫ 1
−1
dw
√
ω2χk −M2χ
√
ω2χl −M2χ (ωηq + ωχk + ωχl)4
ωηq
[
(ωηq + ωχk + ωχl)
2 + (Γχ(ωχk)/2 + Γχ(ωχl)/2)
2
]4
× γi (ωηq, ωχk, ωχl) (1 + f(ωηq)) (1 + f(ωχk)) (1 + f(ωχl))
+ (ωηq → −ωηq, ωχk → −ωχk, ωχl → −ωχl)
+ (ωηq → −ωηq, ωχk → −ωχk, ωχl → ωχl) + (ωηq → ωηq, ωχk → ωχk, ωχl → −ωχl)
+ (ωηq → −ωηq, ωχk → ωχk, ωχl → −ωχl) + (ωηq → ωηq, ωχk → −ωχk, ωχl → ωχl)
+ (ωηq → ωηq, ωχk → −ωχk, ωχl → −ωχl) + (ωηq → −ωηq, ωχk → ωχk, ωχl → ωχl) .
(D.11)
The derivative of κ with respect to ω can thus be expressed as,
− i ∂
∂ω
κ(t1, ω)
∣∣∣∣
ω=0
=
h2
8
{
(1− 9Ht1) ∂
∂ω
Is [γ0]
∣∣∣∣
ω=0
+Ht1
∂
∂ω
Is [γ1]
∣∣∣∣
ω=0
−Ht1 ∂
∂ω
Is [γ2]
∣∣∣∣
ω=0
− 2Ht1 ∂
2
∂ω2
Ic [γ3]
∣∣∣∣
ω=0
− 9
2
H
∂
∂ω
Js [γ0]
∣∣∣∣
ω=0
− 1
2
H
∂
∂ω
Js [γ1]
∣∣∣∣
ω=0
+H
∂
∂ω
Js [γ2]
∣∣∣∣
ω=0
−H ∂
∂ω
Jc [γ3]
∣∣∣∣
ω=0
}
.
(D.12)
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